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Abstract
A fitness landscape is a mapping from the space of genotypes to the real numbers. A
path in a fitness landscape is a sequence of genotypes connected by single mutational steps.
Such a path is said to be accessible if the fitness values of the genotypes encountered along
the path increase monotonically. We study accessible paths on random fitness landscapes
of the House-of-Cards type, which implies that the fitness values are independent, identi-
cally and continuously distributed random variables. The genotype space is taken to be a
Cartesian power graph A
L
, where L is the number of genetic loci and the allele graph A
encodes the possible allelic states and mutational transitions on one locus. The probability
of existence of accessible paths between two genotypes at a distance linear in L displays a
sharp transition from 0 to 1 at a threshold value β
∗
of the fitness difference between the
initial and final genotype. We derive a lower bound on β
∗
for general A and conjecture that
this bound is tight for a large class of allele graphs. Our results generalize previous results
for accessibility percolation on the biallelic hypercube, and compare favorably to published
numerical results for multiallelic Hamming graphs. A key tool of our analysis is the con-
cept of quasi-accessibility, which eliminates the need to account for the self-avoidance of
accessible paths.
1 Introduction
In the strong-selection weak-mutation (SSWM) regime evolutionary dynamics reduces to an
adaptive walk on what is known as a fitness landscape, the map from genotypes to fitness values
[17]. For low mutation rates the nearly monomorphic population can be represented by a single
majority genotype moving through the space of genotypes by individual mutations that fix with a
probability depending on the fitness of the mutant relative to the parental genotype [7, 16]. Under
strong selection, the movement of such a walker is additionally constrained towards increasing
fitness values, making it an adaptive walk [9]. This limits the number of selectively accessible
paths a population can take through the genotype space [18, 4, 6].
Here we investigate the impact that the mutational structure of the genotype space has on
the number of evolutionary paths available to SSWM dynamics. We use a simple stochastic
model for fitness landscapes known as the House-of-Cards (HoC) model, in which each genotype
g is assigned an i.i.d. continuous random fitness value Fg [10, 9]. As the property of a path to be
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accessible only depends on the rank ordering of fitness values the particular distribution chosen
will not be of relevance. For simplicity we will assume the standard uniform distribution.
A genotype is made up of many individual sites or loci, which can be found in some given
number of states called alleles and can be mutated individually. For simplicity, but without
loss of generality, we will assume that all loci have the same set of possible states. Therefore
genotypes are sequences g = (g1, . . . , gL), with L determining the number of loci. Individual
(point) mutations, which are the only ones to be considered here, mutate only one of the loci.
The mutational structure of the system determines whether every state of one locus is able to
mutate to any other or whether some restrictions apply. For example, whereas point mutations in
the DNA sequence can mutate any nucleotide base into any other, the genetic code constrains the
possible one-step transitions between amino acids. To accomodate general mutational structures
we describe the loci by a simple directed allele graph A. The vertex set V of this graph is the
set of all alleles, and its arrows indicate possible one-step mutations between alleles. Again, for
simplicity but without loss of generality, we assume the allele graph to be the same on all loci.
The genotype space can then be described as the Cartesian graph product AL [14], a directed
graph whose vertices form the genotypes and with arrows between genotypes that can be reached
via one-step mutations. The fitness landscape constrains which of these arrows may be taken
by an adaptive walker and we call the directed sub-graph of the genotype graph obtained by
removing arrows which do not point towards increasing fitness the fitness graph [5].
Our goal is to determine, for a given pair of genotypes a and b, how likely it is possible to
reach b from a on the fitness graph when the fitness landscape is of HoC type. In particular this
question is non-trivial in the case of the directed distance dab from a to b being of linear order
in L on the genotype graph. From previous work, it is known that for the case of two alleles,
V = {0, 1}, and a linear distance dab ∼ αL, there is a critical value β∗ depending on α for the
fitness difference β = Fb − Fa , such that for fixed β > β∗, the likelihood of b being accessible
from a converges to 1 in L, while for β < β∗, the likelihood converges to 0 [8, 3, 13, 2, 12]. The
transition occurring at β = β∗ has been referred to as accessibility percolation [15, 11]. Apart
from a computational study [20], so far accessibility percolation has been studied only for the
biallelic case where the genotype space is the L-dimensional hypercube. Results related to those
presented here have been obtained in the context of first-passage percolation [14], which is linked
to accessibility percolation through a mapping described in [13].
2 Results
For our main results let the largest degree of A be bounded by some constant ∆ (or alternatively
let ∆ be the order of the allele graph, if it is finite). If the degrees are not sufficiently bounded,
then their number would simply become so large that the accessibility problem becomes trivial
because of an overwhelming choice of paths.
In the following we denote the number of accessible paths from a to b given a fitness difference
β between them by Zab(β). We refer to the probability P [Zab(β) ≥ 1] as accessibility, and study
its behavior in the large-L limit. Therefore a sequence of endpoints (a, b) needs to be determined
as L increases. For general such sequences, calculations may become tediously complex. Here we
limit ourself to sequences that converge linearly in the following sense: Let there be constants
pxy with x, y ∈ V and then choose a and b in such a way that
|{al = x ∧ bl = y | l = 1 . . . L}| = Lpxy +O(1). (1)
This guarantees that all start-end-pairs on loci occur linearly often in L without any non-bounded
corrections, e.g. of order logL. Such intermediate order terms would need to be accounted for
additionally in the following considerations, although the procedure to do so is straight-forward.
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In terms of possible values of pxy , they need to sum to 1 in total and we further restrict
them to have at least one non-zero off-diagonal term, only finitely many non-zero terms and
all non-zero terms either on the diagonal or on non-trivial allele pairs. We consider an allele
pair (x,y) trivial iff there is no walk of non-zero length from x to y. These pairs would make it
impossible to find any walk between a and b at all for x 6= y and for x = y they would have no
effect on walks between a and b. The latter case is not problematic because of how we set up
the linear limit. If there were however intermediate order terms in the limit, they would need to
be accounted for.
These requirements imply in particular that the Hamming distance dHab is asymptotically
δL+O(1), where δ = 1−
∑
x∈V
pxx > 0. Furthermore the requirements imply that there is a pair
x, y ∈ V with non-zero pxy on which the directed distance between x and y is maximal, so that
the (directed) distance between a and b on the full graph is linearly bounded from above. Since
it is also bounded from below by the Hamming distance, then dab = Θ(L).
In order to succinctly state our results, we introduce the following quantities for pairs of
alleles x, y ∈ V :
Γxy(β) = ln
((
eβA
)
xy
)
, (2)
γxy(β) = ∂βΓxy(β) =
(
AeβA
)
xy
(eβA)xy
, (3)
γ¯xy(β) = ∂2βΓxy(β) =


(
A2eβA
)
xy
(eβA)xy
−
((
AeβA
)
xy
(eβA)xy
)2. (4)
Here and in the following A stands for the adjacency matrix of the allele graph. The logarithm
is well-defined for all alleles, because the matrix exponential can become zero only for trivial off-
diagonal loci, which we explicitly excluded. We define the same quantities for pairs of genotypes
a, b ∈ V L:
Γab(β) = 〈Γalbl(β)〉l, (5)
γab(β) = 〈γalbl(β)〉l, (6)
γ¯ab(β) = 〈γ¯albl(β)〉l, (7)
where 〈Xl〉l =
1
L
L∑
l=1
Xl.
Given the way we defined our limit process and assuming that β is bounded by a constant,
these quantities can be asymptotically expressed in terms of the pxy with additional correction
terms of order L−1 accounting for rounding effects,
Γab(β) = 〈Γalbl(β)〉pa,b +O
(
L−1
)
, (8)
γab(β) = 〈γalbl(β)〉pa,b +O
(
L−1
)
, (9)
γ¯ab(β) = 〈γ¯albl(β)〉pa,b +O
(
L−1
)
, (10)
where 〈Xalbl〉pa,b =
∑
x,y∈V
pxyXxy .
For β → 0, Γab(β) → −∞, because we are assuming pxy to have at least one off-diagonal
term. Further, for β →∞, Γab(β)→∞, for the same reason. Since Γab(β) is also monotonically
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increasing in β, there must then be a unique positive root of Γab(β), which we will denote by
β∗. Further we introduce
γ⋆ = lim
L→∞
γab(β∗) = 〈γalbl(β∗)〉pa,b , (11)
γ¯⋆ = lim
L→∞
γ¯ab(β∗) = 〈γ¯albl(β∗)〉pa,b . (12)
Our first main result states that for all β(L) = β∗ − γ⋆−1 lnL
L
− |ω(1)|
L
:
lim
L→∞
P [Zab(β(L)) ≥ 1] = 0. (13)
This is an upper bound on the threshold function of accessibility and will be derived through
the asymptotic behavior of the mean number of quasi-accessible paths, which vanishes for β(L)
below this threshold. The concept of quasi-accessibility is introduced below in Sect. 4.
For a lower bound on the accessibility, it will be necessary to introduce the following function
for x, y ∈ V and 0 ≤ r, s ≤ 1 [14]
Mxy(β, s, r) =
〈
ln
(
esβA
)
vw
〉r,s
x,y
, (14)
where r¯ = 1− r and s¯ = 1− s and
〈Xvw〉r,sx,y =
∑
v,w∈V
(
es¯rβA
)
xv
(
esβA
)
vw
Xvw
(
es¯r¯βA
)
wy
(eβA)xy
. (15)
Note that this is a proper mean, because by matrix multiplication 〈1〉r,sx,y = 1. As before, we
define the same function for a, b ∈ V L as the mean over l and again in the limit of L→∞, this
function converges uniformly for bounded β with corrections of order O(L−1),
Mab(β, s, r) = 〈Malbl(β, s, r)〉pa,b +O
(
L−1
)
. (16)
We also define
M
∗(s, r) = 〈Malbl(β∗, s, r)〉pa,b . (17)
We say that the problem setup is of weakly normal type ifM∗(s, r) ≤ 0 in its domain. M∗(s, r)
is always zero for s = 0 and s = 1. If however M∗(s, r) < 0 for all other points in the domain,
we say that the setup is of (strongly) normal type. Many setups are strongly normal, however
[14] shows that there are setups which are not weakly normal, with the smallest graph with that
property being of order 5. It is possible to generate a weakly normal, but not strongly normal
setup, by adjusting pxy carefully starting from a non-normal setup.
We conjecture that
lim
L→∞
P [Zab(β(L)) ≥ 1] = 1 (18)
for all β(L) = β∗ + γ⋆−1
lnL
L
+
|ω(1)|
L
for normal setups and that furthermore
lim
L→∞
P [Zab(β) ≥ 1] = 0 (19)
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for some β > β∗ for non weakly normal setups. This means that the previously obtained bound
on the critical value of β∗ is tight only in the (weakly) normal setups, with the window between
the two bounds on the threshold function being of order L−1 in the strongly normal case. A
proof of this statement will be added in a later version of this manuscript.
Finally as our third result we show that, given that accessible paths exist at β = β∗ −
γ⋆
−1 lnL
L
+O
(
1
L
)
, they must have asymptotically almost surely length β∗γ⋆L± ω
(√
L
)
.
3 Applications
3.1 Complete graph
The simplest application is to the complete graph on A alleles, which leads to genotype spaces
known as Hamming graphs. By symmetry, in this case there are only two choices for the initial
and final allele on a vertex, either al = bl or al 6= bl. Therefore the setup can be fully described
by just the relative Hamming distance δ =
dab
L
. One obtains
Γab(β) = − lnA− β + δ ln
(−1 + eAβ)+ δ¯ ln (A− 1 + eAβ), (20)
γ⋆ = −1 + AeAβ∗
(
δ
−1 + eAβ∗ +
δ¯
A− 1 + eAβ∗
)
, (21)
where δ¯ = 1 − δ. In the biallelic case A = 2 the condition Γab(β∗) = 0 reduces to the relation
sinh(β∗)δ cosh(β∗)δ¯ = 1 which was first conjectured in [2] and proved in [13, 12]. At full distance
δ = 1
Γab(β) = − lnA− β + ln
(−1 + eAβ), (22)
γ⋆ =
(A− 1)eAβ∗ + 1
eAβ∗ − 1 . (23)
The values of β∗ and γ⋆ for small A are shown in the following table:
A β∗ γ⋆ β∗γ⋆
2 arcsin(1) ≈ 0.881
√
2 ≈ 1.41 ≈ 1.25
3 ln
(
2 cos
pi
9
)
≈ 0.631 1 + 2 cos
(
2pi
9
)
≈ 2.53 ≈ 1.82
4 ln
(
1√
2
+
√√
2− 1
2
)
≈ 0.509 ≈ 3.60 ≈ 1.83
In general eβ
∗
is the unique positive solution of the polynomial equation
(
eβ
∗
)A
− Aeβ∗ − 1 = 0. (24)
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For A ≥ 5 the solution of this equation cannot be expressed in closed form, however it can be
expanded around A→∞ as
β∗ =
lnA
A
+
1 + lnA
A2
+O
(
lnA
A3
)
, (25)
γ⋆ = A+O
(
1
A
)
, (26)
β∗γ⋆ = lnA+
1 + lnA
A
+O
(
lnA
A2
)
. (27)
As the number of alleles increases, accessibility increases and the required fitness difference
between the start and end point decreases. In fact this quantity vanishes to zero for A → ∞.
At the same time the length of accessible walks close to the critical fitness difference increases,
but slowly. The minimal length of a path covering the full distance dab is L, and hence β∗γ⋆− 1
is the fraction of mutational reversions (where a mutated locus reverts to the allele it carried in
the initial genotype a) and sideways steps (where a mutation occurs to an allele that is part of
neither the initial nor the target genotype) [19]. The fraction of all alleles on a given locus that
appear along an accessible path close to the critical point is given by A−1β∗γ⋆ which decreases
with increasing A. Zargorski, Burda and Waclaw carried out simulations of this model, giving
β∗ with two digit precision for different values of A [20]. Their results match the values derived
here up to ±0.01.
3.2 Complete graph without return to the wild type allele
We can modify the complete graph slightly to disallow mutations back to the allele that was
present in the initial genotype (the wild type allele), while still allowing mutations between all
other alleles. In this case the expressions simplify significantly to
β∗ =
ln (A− 1)
A− 2 , (28)
γ⋆ = A− 1. (29)
The asymptotic behavior is the same as for the complete graph. In the biallelic case A =
2 this describes accessibility percolation on the directed hypercube, which was considered by
Hegarty and Martinsson in [8]. In this case β∗ = 1, which implies that the directed hypercube
is marginally accessible under the HoC model [6].
3.3 Path graph
The complete graph is in some sense the best-case scenario for accessibility. On the opposite side
of the spectrum of possible allele graphs one can choose the path graph on A vertices. In this
case the distance between the two end points increases with the number of alleles and there is a
unique order in which mutations on a locus must be applied. This causes accessibility to become
very low. For A = 2 the path graph is identical to the complete graph. However, already for
A = 3 we find
β∗ =
ln
(
3 + 2
√
2
)
√
2
≈ 1.25. (30)
Since β∗ represents a fitness quantile which must lie between 0 and 1, this value implies that
the path graph on three vertices can never be accessible for any fitness difference if (almost) all
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loci need to mutate from one end of the graph to the other. For higher A this effect becomes
more pronounced. As a possible biological application of the path graph the description of
copy-number variants of genes can be mentioned [1].
Since the complete graph on two vertices without reversions has β∗ = 1 as shown before in
(28) and adding edges can only decrease β∗, it is actually required that the distance between al
and bl on the allele graph is at least 2 in order for β∗ > 1 to be possible.
4 Upper bound and walk length
We base the proof for the upper bound on the mean number of accessible paths, or rather the
mean number of quasi-accessible walks. We define the term quasi-accessible as a generalization
of the notion of accessibility used up to now.
Suppose we assign to each genotype multiple i.i.d. fitness values indexed by integers, in
addition to the first fitness value specified by the HoC model. We then say that a path which
visits a genotype multiple times is quasi-accessible, if it would be accessible assuming that it
“sees” the n-th fitness value at its n-th visit to the genotype. This guarantees that all paths of
equal length are equally likely to be quasi-accessible. In contrast, to study accessibility in the
usual sense we would need to treat non-self-avoiding walks separately, because they can never be
accessible (as two fitness values on the walk would be identical and therefore not in monotonically
increasing order). Further note that if there exists a quasi-accessible path, there must also exist
an accessible one, obtained by removal of all cycles from the former path, and conversely any
accessible path is also quasi-accessible. This implies that we can restrict our investigation to
quasi-accessible paths, the number of which we will denote by Z˜ab(β).
In order to prove the upper bound, we will consider the mean number of quasi-accessible
walks from a to b. Note that each walk of length N is accessible with probability
βN−1
(N − 1)!
where the numerator accounts for the probability that all inner nodes of the path are found
inside the range of fitness values Fa to Fb and the denumerator accounts for the increasing order
of these values. The mean number of walks taking n steps from x to y on one locus is given by
(An)xy . A walk of length N could take each step on any of the loci, so that the total number of
walks of length N can be written as
∑
n1+...+nL=N
(
N
n1, . . . , nL
) L∏
l=1
(Anl)albl (31)
where
(
N
n1, . . . , nL
)
is the multinomial coefficient accounting for the different orderings of steps
on individual loci. Multiplication of this expression with the probability of quasi-accessibility of
each such walk gives the mean number of quasi-accessible paths
E
[
Z˜ab(β)
]
=
∞∑
N=0
∑
n1+...+nL=N
(
N
n1, . . . , nL
)
βN−1
(N − 1)!
L∏
l=1
(Anl)albl . (32)
The term (N − 1)! can be reduced to N ! by introduction of a derivative
E
[
Z˜ab(β)
]
= ∂β
∞∑
N=0
∑
n1+...+nL=N
(
N
n1, . . . , nL
)
βN
N !
L∏
l=1
(Anl)albl (33)
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and redistributing all the factorials and βN into the product yields
E
[
Z˜ab(β)
]
= ∂β
∞∑
N=0
∑
n1+...+nL=N
L∏
l=1
βnl
nl!
(Anl)albl . (34)
Finally the sums and the product can be interchanged and
E
[
Z˜ab(β)
]
= ∂β
L∏
l=1
∞∑
n=0
βn
n!
(An)albl = ∂β
L∏
l=1
(
eβA
)
albl
= ∂βeLΓab(β) = Lγab(β)eLΓab (β). (35)
This function is monotonically increasing in β and by expansion around β∗, we find
E
[
Z˜ab(β)
]
= LeLγ
⋆(β−β∗)+O(1)+O(L(β−β∗)2). (36)
Therefore at β(L) = β∗ − γ⋆−1 lnL
L
the mean becomes Θ(1) and subtracting an additional term
|ω(1)|
L
from β(L) causes it to decrease to zero, proving our first main result by application of
Markov’s inequality.
This upper bound can be strengthened by considering intervals of walk lengths. For this
we calculate the contribution of walks of given length N to the overall mean number of quasi-
accessible walks. In principle this is done by restriction of the sum in the previous derivation for
the mean number of quasi-accessible walks. However, we can also write the contribution as
E
[
Z˜ab(β)
∣∣ N− ≤ N ≤ N+] = P [N− ≤ N ≤ N+]E [Z˜ab(β)], (37)
where the probability is with respect to the choice of a walk weighted by the probability
βN−1
(N − 1)! ,
i.e. the probability that the walk is by itself quasi-accessible. Considering the random variable
N − µL√
L
under this distribution, its unnormalized characteristic function is
∞∑
N=1
∑
n1+...+nL=N
e
iz
N−µL√
L
(
N
n1, . . . , nL
)
βN−1
(N − 1)!
L∏
l=1
(Anl)albl (38)
= e−izµ
√
LLγab
(
e
iz√
L β
)
e
LΓab
(
e
iz√
L β
)
(39)
or in the normalized form
E
[
eiz
N−µL√
L
]
= e−izµ
√
L
γab
(
e
iz√
L β
)
γab(β)
e
L
(
Γab
(
e
iz√
L β
)
−Γab (β)
)
. (40)
Asymptotically, pointwise, e
iz√
L = 1+
iz√
L
− z
2
2L
+ . . . and, assuming β is bounded by a constant
we have
E
[
eiz
N−µL√
L
]
= exp
(
−izµ
√
L+ izβ
√
Lγab(β)− z
2
2
βγab(β)− z
2
2
β2γ¯ab(β) + . . .
)
. (41)
For µ = β∗γ⋆ this function converges pointwise and so the random variable converges in distri-
bution to a normal random variable with variance σ2 = β∗γ⋆ + β∗2γ¯⋆.
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Therefore, at the potential critical point β = β∗ − γ⋆−1 lnL
L
+ O(L−1), where the mean
number of walks of any length is bounded by a constant, the number of quasi-accessible walks
of lengths not in the interval β∗γ⋆L±ω
(√
L
)
vanishes. All quasi-accessible walks, if they exist,
must therefore have lengths in this interval almost surely.
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